CHARACTERIZATIONS OF PRETAMENESS AND THE ORD-CC
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ABSTRACT. The notion of pretameness was introduced by Sy Friedman in order to characterize
the preservation of the axioms of ZF without the power set axiom for class forcing over models of
ZF. We present several new characterizations of pretameness, for instance in terms of the forcing
theorem, the forcing equivalence of partial orders and their dense suborders and the existence
of nice names for sets of ordinals. Furthermore, for most properties under consideration we also
present a corresponding characterization of the Ord-chain condition.
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1. INTRODUCTION

This paper is motivated by the question which properties of set forcing carry over to the context
of class forcing, in particular to pretame class forcing and to class forcing with the Ord-chain
condition. We show that the properties mentioned in the abstract hold for all pretame notions
of class forcing, and that they can in fact be used to characterize pretameness and the Ord-chain
condition in various ways. A list of the main results of this paper can be found at the end of this

section. In order to properly state them, we will need to introduce our setup together with some
basic notation. This is mostly the same as in and i

We will work with transitive second-order models of set theory, that is models of the form
M = (M,C), where M is transitive and denotes the collection of sets of M and C denotes the
collection of classes of MH We require that M C C and that elements of C are subsets of M, and
we call elements of C\ M proper classes (of M). Classical transitive first-order models of set theory
are covered by our approach when we let C be the collection of classes definable over (M, €). The
theories that we will be working in will be fragments of Kelley-Morse set theory KM, and mostly
we will work within fragments of Gddel-Bernays set theory GB. By GB™ we denote GB without
the power set axiom (but with Collection rather than Replacement), and by GBC we denote GB
together with the axiom of global choiceﬂ By a countable transitive model of some second order
theory, we mean a transitive second-order model Ml = (M, C) of such a theory with both M and C
countable in V. Most of the time, we will avoid using the power set axiom, however we will often
make use of the following consequence of GB:
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Definition 1.1. A model M = (M,C) of GB™ has a hierarchy if there is C' € C such that

(1) ¢ € Ord™ x M;

(2) For each a € Ord™, C, = {z € M |38 < a[(B,z) € O]} € M;

(3) If @ < B in Ord™ then C, C C;

(4) M =U,coram Ca-
If C defines a hierarchy on M, then the C-rank of x € M, denoted rnkc(x), is the least a € Ord™
such that x € Cyy1.

Remark 1.2. (1) Assume that M = (M,C) = GB™. Suppose that C contains a well-order < of
M which is good, i.e. for every x € M, C,, = {y € M | y < z} € M. Then the order-type
of (M, <) is Ord™ and C = {(z,y) | € Ord™ A y < 2} witnesses that M has a hierarchy.
Conversely, it is easy to check that every well-order of M in C that has order-type Ord™ is
good.

(2) If M = GB™ has a hierarchy and C contains a well-order of M, then C contains a good
well-order of M (see [HKS, Remark 1.3]).

(3) Without a hierarchy, the existence of a well-order of M in C does not imply that C contains
a well-order of M of order-type Ord™. This can be seen as follows. Let N be a countable
transitive model of ZFC in which CH fails and such that there is a definable wellorder of
H(wn); assuming the existence of a countable transitive model of ZFC, such a model exists
by [Har77]. Let M = H(w;)" and let C be the collection of subsets of M that are definable
over M. Tt follows that (M,C) = GB™ and that C contains a well-order of M. Since CH fails
in N, C however cannot contain a well-order of M of order-type Ord™.

(4) If M = GB™ has a hierarchy, then it satisfies representatives choice (see [HKL™, Definition
3.2]). Assuming the presence of a hierarchy, we will thus sometimes cite results from [HKL]
that assume representatives choice without further mention.

Fix a countable transitive model M = (M, C) of GB™. By a notion of class forcing (for M) we
mean a separative partial order P = (P, <p) such that P,<pe C E| We will frequently identify P
with its domain P. In the following, we also fix a notion of class forcing P = (P, <p) for M. Note
that the assumption of separativity does not restrict us much, since if M satisfies representatives
choice, one can always pass from a notion of class forcing to its separative quotient (see [HKL™]).

We call o a P-name if all elements of o are of the form (r,p), where 7 is a P-name and p € P.
Define MF to be the set of all P-names that are elements of M and define CF to be the set of all
P-names that are elements of C. In the following, we will usually call the elements of M¥ simply
P-names and we will call the elements of CF class P-names. If o € MT is a P-name, we define

rank o = sup{rank7+ 1| 3p € P (r,p) € 0}

to be its name rank. We will sometimes also need to use the usual set theoretic rank of some
o € M, which we will denote as rnk(o).

We say that a filter G on P is P-generic over M if G meets every dense subset of P that is an
element of C. Given such a filter G and a P-name o, we recursively define the G-evaluation of o
as

0% ={r%|3pe G (r,p) € o},
and similarly we define I'“ for I' € C. Moreover, if G is P-generic over M, then we set M[G] =
{69 | 0 € M*} and C[G] = {T'“ | T € C*}. Furthermore, we call M[G] = (M[G],C[G]) a P-generic
extension of M. M[G] is what we call a generic class extension in [HKS Section 2], where we
argue that given a P-generic filter G, M[G] is the canonical P-generic extension of M. In the
present paper, this will be the only form of generic extension that we consider.

Given an Lc-formula (v, .. . ,vm_l,f), where T € (CP)™ are class name parameters, p € P
and & € (M®)™, we write p IF}! »(&, f) if for every P-generic filter G over M with p € G,
<M[G]7 F(?a AR Fg71> ): 90(0[?7 AR O'rcriflv FOG? RS Fgfl)'

A fundamental result in the context of set forcing is the forcing theorem. It consists of two parts,
the first one of which, the so-called definability lemma, states that the forcing relation is definable

3Note that this differs from the definition of notions of class forcing in [HKLT] and [HKS], where we do not
make the assumption of separativity (and in [HKLT|, we also do not assume antisymmetry, i.e. we allow for the
more general notion of a preorder).
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in the ground model, and the second part, denoted as the truth lemma, says that every formula
which is true in a generic extension M[G] is forced by some condition in the generic filter G. In
the context of second-order models of set theory, this has the following natural generalization:

Definition 1.3. Let ¢ = ¢(v,. .. ,vm,l,f) be an Lc-formula with class name parameters ['e
(CIP’>7L_
(1) We say that P satisfies the definability lemma for ¢ over M if
{(p, 00, Om_1) € P x (MOY" | pIF¥ o(oq, ... ,0m-1,T)} €C.
(2) We say that P satisfies the truth lemma for ¢ over M if for all oy, ...,0m_1 € MT, for all
T e (C*)" and every filter G which is P-generic over Ml with

<M[G]3F€7 N '&F§—1> ': 50(08;3 . -ao—fcr;L—laFOGv . 'aFS—l)a

there is p € G with p IF}! (o0, ..., Um,l,f).
(3) We say that P satisfies the forcing theorem for ¢ over M if P satisfies both the definability
lemma and the truth lemma for ¢ over M.

Note that by [HKL™, Theorem 1.3], the forcing theorem can fail in class forcing; in fact, even
the truth lemma may fail for atomic formulae (see [HKL™, Theorem 1.5]). There are, however,
many known properties of class forcing notions which guarantee that the forcing theorem holds
(see [Zar73], [Fri00], [HKL™| and [HKS]).

We identify sequences of the form (C; | i € I) for classes C; € C and I € C with their code
{{c,i) | c € C; A i € I}. In particular, we say such a sequence is an element of C if its code is.

Definition 1.4. [Fri00] A notion of forcing P for M is pretame for M = GB™ if for every p € P
and for every sequence of dense classes (D; | ¢ € I) € C with I € M, there is ¢ <p p and
(d; | i € I) € M such that for every i € I, d; C D; and d; is predense below g.

As shown by Sy Friedman in [Fri00], pretame notions of class forcing satisfy the forcing theorem
over models of GB. For the benefit of the reader, we will provide the proof of this result in a
generalized setting at the beginning of Section Furthermore, we will show that in a certain
sense, pretameness can in fact be characterized by the forcing theorem.

If M = X C KM, we say that a notion of class forcing P for M preserves X if M[G] = X.
The significance of pretameness lies in the observation that it characterizes the preservation of the
axioms of GB™ over models of GB™ with a hierarchy. This topic shall be discussed in Section

Definition 1.5. We say that a notion of class forcing P satisfies the Ord-chain condition (or
simply Ord-cc) over M if every antichain of PP which is in C is already in M.

Note that if C contains a good well-order of M, then the Ord-cc is strictly stronger than
pretameness. On the other hand, in the absence of such a well-order it is not even clear whether
every notion of class forcing with the Ord-cc satisfies the forcing theorem (see Question [7.2)).

A property that is closely related to the forcing theorem and that can be used to characterize
pretameness and the Ord-cc is the existence of a Boolean completion. We distinguish between two
types of Boolean completions, depending on whether suprema exist for all sets or for all classes of
conditions.

Definition 1.6. If B is a Boolean algebra, then B is

(1) M-complete if the supremum supy A exists in B for every A € M with A C B.
(2) C-complete if the supremum supy A exists in B for every A € C with A C B.

Definition 1.7. We say that P has a Boolean M-completion in M if there is an M-complete
Boolean algebra B = (B, 0p, 1 =, A, V) such that B, all Boolean operations of B and an injective
dense embedding from P into B\{Op } are elements of C. Similarly, we define a Boolean C-completion
of P to be a Boolean M-completion B of P which additionally is C-complete.

In set forcing, Boolean completions are unique: If By and B; are both Boolean completions of P
and e : P — By and e; : P — B; are dense embeddings, then one can define an isomorphism from
By to By by setting f(b) = sup{ei1(p) | p € P A eo(p) < b} for b € By. Moreover, f fixes P in the
sense that f(ep(p)) = e1(p) for every condition p € P. In class forcing, this proof works only for
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Boolean C-completions. It follows from results in [HKL™| Section 9] that Boolean M-completions
need not be unique in the following sense.

Definition 1.8. We say that a notion of class forcing P has a unique Boolean M -completion in
M, if P has a Boolean M-completion By in M and for every other Boolean M-completion By of P
in M there is an isomorphism in V between By and B; which fixes P. The property that P has a
unique Boolean C-completion is defined correspondingly.

In section [4| we will investigate the relationship between the existence of Boolean completions
on the one hand, and pretameness and the Ord-cc on the other.

A technique that we will use in many places throughout this paper is adding suprema to proper
classes of conditions. Recall that for A € C with A C P, we say that p € P is the supremum of A
(denoted p = supp A) if and only if

(1) YVa€e A a <pp and
(2) A is predense below p.

We describe a general method of how to extend a notion of class forcing by adding suprema.
Let S =(X; | i € I) € C with I € M be a sequence of subclasses of P. Making use of a suitable
bijection in C, we may assume that P NI = (). Now let Pg be the forcing notion with domain
Pg = P U ordered by

1<psp<= Vg€ X; ¢q<pp,
p <pg i <= X, is predense below p in PP,
i <pg j = Vq€ X; q<pg J.

For i € I, we will usually write sup X; rather than ¢. In case that sup X; already exists in P, or
that sup X; <pg sup X; and sup X; <pg sup X; for some i # j, instead of Pg we need to consider
the quotient of Pg by the equivalence relation p ~ ¢ iff p <p, ¢ and ¢ <p, p for p,g € PU I,
in order to obtain a separative partial order. Since I € M and P is separative, all equivalence
classes are set-sized, this can easily be done and we will identify Pg with this quotient in this
case. We call Pg the forcing notion obtained from P by adding sup X; for all i € I. Note that by
construction, [P is dense in Pg.

Lemma 1.9. Suppose that P is a notion of class forcing which satisfies the forcing theorem. If
S € C is a finite sequence of subclasses of P, then Pg satisfies the forcing theorem.

Proof. This is an easy generalization of [HKL™, Lemma 9.3]. d
It will follow from the proof of Theorem [2.6] that this may fail if I is infinite.

Example 1.10. We will frequently use the following notion of class forcing introduced in [Fri00]
to motivate our results. Given M = (M, C) = GB™, let Col(w, Ord)™ denote the notion of forcing
with conditions of the form p: dom(p) — Ord™ for dom(p) C w finite, ordered by reverse inclusion.
It follows from [HKL'. Lemma 2.2, Lemma 6.3 and Theorem 6.4] that Col(w, Ord)™ satisfies the
forcing theorem. However, Col(w, Ord)™ is non-pretame witnessed by the sequence (D,, | n € w),
where D,, is the dense class of all conditions p such that n € dom(p). Another — simpler — way to
see this is to observe that any Col(w, Ord)-generic filter gives rise to a cofinal sequence from w
to Ord™ and thus induces a failure of Replacement in the generic extension (see Section .

Results.

Notation. Let M = GB™ and let ¥ be some property of a notion of class forcing P for M = (M, C).
We say that P densely satisfies U if every notion of class forcing Q for M, for which there is a
dense embedding in C from P into Q, satisfies the property W.

For the sake of simplicity, if there is a dense embedding in C from P into Q, we will frequently
assume that P is a suborder of Q. This does not constitute a restriction, since P is always
isomorphic to a dense suborder of Q.

The following two theorems summarize the results from the present paper. Regarding the
results of Theorem below, (1) is (in a slightly less general context) due to Sy Friedman
([Exio0]), the nontrivial direction of the equivalence of (1) and (2) was shown in [HKS| Theorem
5.1] and the equivalence of (4) and (5) was shown in [HKL™].
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Theorem 1.11. Let M = (M,C) be a countable transitive model of GB™ such that C contains a
good well-order of M, and let P be a notion of class forcing for M. The following properties (over
M) are equivalent to the pretameness of P over M, where we additionally require the non-existence
of a first-order truth predicate for (4) and (5), and for (7) we assume that M = KM, which is
notably incompatible to the assumptions used for (4) and (5).

(1) P preserves GB™ /Collection/Replacement.

(2) P satisfies the forcing theorem and preserves Separation.

(3) P satisfies the forcing theorem and does not add a cofinal/surjective/bijective function from
some v € Ord™ to Ord™ .

(4) P densely satisfies the forcing theorem.

(5) P densely has a Boolean M -completion.

(6) P satisfies the forcing theorem and produces the same generic extensions as Q for every
forcing notion Q such that C contains a dense embedding from P into QH

(7) P densely has the property that every set of ordinals in any of its generic extensions has a
nice name.

Given notions of class forcing P and Q for M = (M,C) = GB™, given 7 € C such that 7 is a
dense embedding from P to Q, and given a P-name o, we recursively define 7(o) = {(n(7), 7(p)) |

(t,p) € o}

Theorem 1.12. Let M = (M, C) be a countable transitive model of GB™ such that C contains a
good well-order of M, and let P be a notion of class forcing that satisfies the forcing theorem. The
following properties (over M) are equivalent:

1) P satisfies the Ord-cc.

2) P satisfies the mazimality pm’ncipleﬂ

3) P densely has a unique Boolean M -completion.

4) P has a Boolean C-completion.

5) If there are Q, 7 € C such that 7 is a dense embedding from P to Q and o € M@, then there
is T € M¥ with 1g Ikg o = (7).

(6) P densely has the property that whenever 1p IFp o C & for some o € MT and o € Ord™ then

there is a nice P-name T such that 1p Ikp o = 7.

(
(
(
(
(

Whether pretameness implies (6) of Theorem was a question (that turned out to have an
easy positive answer) posed to us by Victoria Gitman at the European Set Theory Workshop in
Cambridge in the summer of 2015, and was one of the starting points of the research that we
present in this paper.

2. THE FORCING THEOREM

In this section, we characterize pretameness in terms of the forcing theorem. We will make use
of the following theorem, which is an easy adaptation of [Fri00, Theorem 2.18] to our generalized
setting. For the benefit of the reader, we nevertheless include its proof.

Theorem 2.1 (Sy Friedman). Let M be a model of GB™ with a hierarchy and let P be a notion
of class forcing for M. If P is pretame over Ml then P satisfies the forcing theorem over M.

Proof. Suppose that C' = (C, | a € Ord™) witnesses that M has a hierarchy. Observe first that
by |[HKL™, Theorem 4.3] it suffices to check the definability of the forcing relation of P for atomic
formulae. To achieve this, we construct a class function F : P x MP x MF x 2 - M x 2 in C such
that for p € P and 0,7 € M®, F(p,0,7,i) = (d,j) for some nonempty set d C {q € P | ¢ <p p}
and for all g € d, ¢ decides either o € 7 (in case i = 0) or 0 = 7 (in case ¢ = 1) either positively
(if j = 1) or negatively (if j = O)ﬂ Given such F, we can define the P-forcing relation by

plrpo €1 <= Vq <pp3Id F(q,0,7,0) = (d, 1)
and similarly for plFp o = 7.
“More precisely, if 7 : P — Q is a dense embedding and G is Q-generic over M, then M[G] = M[x—}[G] N P].

5See Definition
61f for example F(p,o,7,0) = (d, 1), then for all g € d, qlFp o € 7.
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We are left with defining such a function F' by induction on (rank(c)+rank(r), rank(c)), ordered
lexicographically. If rank(o)+rank(7) = 0, we simply put F(p,o,7,0) = ({p},0) and F(p,o,7,1) =
({p},1). Suppose now that rank(c) + rank(7) > 0. We start with defining F(p,o,7,0). By
induction, we may assume that for all 7 € dom(7) and for all ¢ € P, F(q, 0, 1) has already been
defined. There are two cases:

Case 1. There exist (m,7) € 7 and ¢ <p p,r such that F(q,o,7,1) = (d,1) for some d € M. Let
o € Ord™ be the minimal C-rank of such a set d. Then put F(p,o,7,0) = (e, 1) where

€= U{d € CO&+1 | H<7T7T> € Tﬂq <p parF<Q7Ua7Ta 1) = <d? 1>}
Case 2. Suppose we are not in Case 1. For each (m,r) € 7, consider

Dry=|J{de M |3q<pprF(gom1)=(d0)}U{q<pp]|qler}.

We show that each Dy, is dense below p. Let ¢ <p p. We want to find s <p ¢ in
Dy . If gLlpr then we are done. Otherwise take s <p ¢,r. Since we are not in Case
1, F(s,0,m,1) = (d,0) for some d € M \ {(}. Since d is nonempty, we may pick some
condition ¢t € d. Then t € Dy, and t <p s <p g.

By pretameness, there are conditions ¢ <p p and (d, | (m,7) € 7) € M such that each
dr is a subset of D, , which is predense below ¢. Let o € Ord™ be minimal such that
there is such ¢ in Cy41. Then put F(p,o,7,0) = (e,0) where

e={q€Cot1NP|3I{ds, | (mr)eT)e Mleach d; , C Dy, is predense below gl}.

Now we define F(p,0,7,1). Again, we may inductively assume that for every = € dom(c U 7) and
for every ¢ € P, F(q,w,0,0) and F(q, 7, 7,0) have already been defined. As above, we make a case
distinction:

Case 1. There exist (m,r) € o U7, a condition ¢ € P that is stronger than both p and r, i € 2,
d,e € M and s € d such that F(q,m,0,0) = (d,i) and F(s,7,7,0) = (e,1 —i). Then let
a € Ord™ be the minimal C-rank of such a set e. Let F(p,o,7,1) = (f,0), where

f= U{e €Cut1 | IHmr)yeoUrIqg<pp,rIie23ide MIsed
[F(q,m,0,0) ={(d,i) A F(s,m,7,0) = (e,1 —1)]}.
Case 2. Suppose that we are not in Case 1. For each (m,r) € c U7 let
Drr=|J{e|3q <pr3ie23d3s € d[F(q,7,0,0) = (d,i) A F(s,7,7,0) = (¢,i)]}
U{g eP|qlpr}.

Since Case 1 fails, each D, is dense below p. By pretameness there exist ¢ <p p and
(drr | (m,7) € cUT) € M such that each dr, C Dy , is predense below ¢. Let a € OrdM
be the least C-rank of such a condition ¢. Then put F(p,o,7,0) = (f,1) for

f={¢€Cot1NP|Hdr, | (m,ry €0 UT) € M [each dr, C Dy, is predense below ¢|}.

This finishes the construction of F'. It remains to check that F satisfies our desired properties.
We proceed by induction. Suppose that F(p,o,7,0) = (e,1). We have to verify that for every
q€e,qlrp o e r. Take ¢ € e and a P-generic filter G with ¢ € G. Since we are in Case 1, there
is (m,ry € 7 and s <p p,r with F(s,0,m,1) = (d,1) for some d and ¢ € d. Then ¢ <p s and so
s € G. But by induction, since rank(7) < rank(7), ¢ IFp 0 = 7 and so 0¥ = 7¢ € 7C.

Secondly, assume that F'(p,o,7,0) = (e,0) and let g € e and G be P-generic over M with ¢ € G.
Now by Case 2 there is a sequence (d, , | (m,7) € T) of sets d , C D, which are predense below

q. Suppose for a contradiction that M[G] = 0¥ € 7¢. Then there is (r,7) € 7 with r € G and
0% = 7%, Since d . is predense below ¢ there is s € d; , N G. Then s is compatible with r and
so there are d € M and t <p r with F(t,0,m,1) = (d,0) and s € d. By induction, s IFp o # m,

contradicting that ¢ = 7. The proof that F(p,o,7,1) is as desired follows in a similar way. [

In [HKL", Theorem 1.3], it is shown that the forcing theorem may fail for notions of class
forcing. The forcing used to prove this adds a binary predicate F on w so that (w, E) isomorphic
to (M, €). The idea is that if the forcing theorem was satisfied one would obtain a first-order truth
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predicate in the ground model. In this section, we will prove a density version of this theorem.
The following easy observation will be a key ingredient for our proof.

Lemma 2.2. Suppose that M is a countable transitive model of GB™ such that C contains a good
well-order of M and let P be a notion of class forcing for M which satisfies the forcing theorem.
Then P is pretame if and only if there exist no M-cardinal k, F € CF and p € P such that
plFp “F : & — Ord™ is cofinal”.
Proof. Suppose first that P is pretame. If p IFp “F : & — Ord™ is cofinal”, consider

Do ={q<pp|3ye0rd" qlp F(a) =4}
for a < k. By pretameness there are ¢ <p p and sets d, C D, in M which are predense below q.
Now let )

B=sup{y+1]|~yeOrd” A 3a<kIred, e F(a) =75}

Then q IFp ran(F) C 3, a contradiction.

Conversely, suppose that (D, | ¢ € I) € C with I € M is a sequence of dense subclasses of P
and p € P is such that there exist no ¢ <p p and (d; | i € I) € M with each d; C D, predense
below ¢. Using Choice, we may assume that I = & is a cardinal in M. Let (Cy, | a € Ord™) be a
hierarchy on M. Now let G be P-generic over M with p € G. In M[G], let F : k — Ord™ be the
function defined by

F(a) =min{y € Ord™ | C, N D, NG # 0}.
Using the forcing theorem and [HKS, Observation 2.3], we may choose a name F € C for F and
a condition ¢ <p p in G such that the above property of F' is forced by ¢. But then g forces that
F is cofinal in the ordinals — otherwise we could strengthen ¢ to some r which forces the range of

F to be contained in some ordinal v and so do, = D, N C,, would be predense below r for every
a € I, contradicting our assumption. O

The next step is to strengthen Lemma [2.2]

Lemma 2.3. Suppose that Ml = (M,C) is a countable transitive model of GB™ and that P is a
notion of class forcing for M which satisfies the forcing theorem. Assume that F € CF and p € P
are such that p lkp “E: & — Ord™ is cofinal” for some M-cardinal k. Then there is a class name
E €C and q <p p such that q Fp “E: k& — Ord™ is surjective.”

Proof. Since P satisfies the forcing theorem,
A={(r,a,p)|3s<prslp F(a)= S} eC.

Hence there is a sequence C' = (C,, | a € Ord™) € C such that each C, is of the form
Apo={B€0rd" |3s <pr slp Fa) = 3}

for some 7 € P and o € Ord™ such that A, o is a proper class, and moreover each such class A, ,
appears unboundedly often in C.

Claim 1. There is a class D = (Dg | B € Ord™) such that the classes Dg form a partition of
Ord™ and C, N Dg is a proper class for all o, B € Ord™.

Proof. Let k : Ord™ x Ord™ — Ord™ be a bijection in C such that whenever 5 < v, k(3,7) <
k(8,7v). Now we recursively define sets of ordinals Dg € M in the following way: We start

with DY = 0. Let o, 8,7 € Ord™ be such that o = k(B,7) and assume that for all 8,7 with
kE(B8,7) < a, Dg has already been defined. Now let D} = [J;_, Dj U {6}, where § is the least
ordinal in C, \ U{Dg | k(B,7) < a}. Finally, put D = U, coran Dj for each 3 € ord™. By
construction, if 3 # B then Dg and Dj are disjoint. Moreover, since C, appears unboundedly
often in the enumeration defined above, C, N Dg is a proper class for all a, 5 € OrdM. O

Suppose that D is a class as in the statement of the previous claim. If G is P-generic over M
with p € G, let E: k — Ord™ be the function given by E(a) = Bif F%(a) € Dg. Since IP satisfies
the forcing theorem, by [HKS, Observation 2.3], there is a class name E € C and a condition ¢ € G
below p which forces that E satisfies this definition.
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Claim 2. ¢lFp “E: & — Ord™ is surjective”.

Proof. Suppose the contrary. Since P satisfies the forcing theorem, there is a condition r <p ¢
and some ordinal § such that 7 IFp E(&) # B for all & < k. Then there is @ < & such that
Apo = {8 € Ord™ | 3s <p r s IFp F(a&) = B} is a proper class, since otherwise r forces that
the range of F' is bounded in Ord™, contradicting our assumption on F. By the previous claim,
Ar o N Dg is nonempty. Choose v € A, , N Dg and s <p r so that s IFp F(d) = 4. Then
slFp E(&) = B, contradicting our choice of 7 and of . O

This completes the proof of Lemma [2.3 O

The next lemma states that we can modify the surjective function provided by Lemma [2.3] to
a bijective function from some ordinal to M.

Lemma 2.4. Suppose that M = (M, C) is a countable transitive model of GB™ such that C contains
a good well-order of M, and that P is a notion of class forcing for Ml which satisfies the forcing
theorem. If there are F € C¥ and p € P such that p Fp “F : & — Ord™ is surjective” for some
M -cardinal K, then there is an M -cardinal A and E € CF such that p IFp “E: X — M is bijective”.

Proof. Let k be the least M-cardinal such that there is a condition p € P with
plkp “F : i — OrdM is surjective”.
We define a class name E € CF such that p forces E to be a bijection between some ordinal v < &
and Ord™. Namely, let E be
{(op(d,B), ¢) | qlFp 38 D(6) = § and & is the G element of {n <7 | V€ <7 D(g);ab(n)}”} :

where for 0,7 € M@, op(c,7) denotes the canonical name for the ordered pair (¢¢, 7). Using
minimality of x, it follows that 7 = k. Since C contains a good well-order of M, we can further
map OrdM bijectively to M and obtain a name F' € CF so that p forces F' to be a bijection from
K to M. (]

Definition 2.5. Let M be a model of ZF~. A relation T' C Fmlx M is a first-order truth predicate
for M if
(" z)eT = (M, €) | o(x)
holds for every "¢ € Fml and every x € M, where Fml denotes the set of Godel codes of
Lc-formulae with one free variable.
Using the previous lemma, we are now ready to prove the main result of this section.

Theorem 2.6. Suppose that M = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M, but no first-order truth predicate for Mﬂ If P is a non-pretame
notion of class forcing for M, then there is a notion of class forcing Q for M and a dense embedding
m: P — Q in C such that Q does not satisfy the forcing theorem.

Proof. Without loss of generality, we may assume that P satisfies the forcing theorem. Using
Lemmata and we can choose p € P and a class name F' such that
plkp “F i i — M is bijective”
for some M-cardinal k.
We extend P to a forcing notion Q by adding suprema p, g for the classes

Do ={g<ep|qlre F(a) € F(B)}
for all o, 8 < k such that D, g is nonempty. Let X = {(a, B) € k? | Do, # 0}. The following
arguments generalize the proof of Theorem 1.3 in [HKL™|. Define
E = {{op(&, ): pa,p) | (o, ) € X} € MO

Assume for a contradiction that Q satisfies the forcing theorem. We will use E to show that C
contains a first-order truth predicate for M, contradicting our assumptions.

"Note that by Tarski’s theorem on the undefinability of truth, every model of the form (M,C) = GB™ with a
good well-order, where C only consists of the definable subsets of M, satisfies these requirements.
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Claim 1. Let G be Q-generic over M with p € G. In M[G], (M,€) is isomorphic to (k, BG),
witnessed by FC.

Proof. By construction, F¢ : k — M is a bijection. It remains to check that it defines an
isomorphism. Let o, < & such that (o,8) € E. Then (o,8) € X and po s € G. But by
definition of <g, pa.s IFg F(d) € F(B) and therefore F¢(a) € F(B) as desired. Conversely,
suppose that = € y in M. Since FC is surjective, there are o, 8 < k such that FG(a) =z and
F%(B) = y. Moreover, there must be ¢ € G which forces that F(q) € F(f) and so ¢ <g pa.s- In
particular, pog € G and so («a, 3) € E. O

The next step will be to translate Lc-formulae into infinitary quantifier-free formulae in the
forcing language of Q, where € is translated to E. The infinitary language El(Srd,O(Q’ M) is built

up from the atomic formulae § € G, o € 7 and 0 = 7 for ¢ € Q and 0,7 € MF, the negation
operator and set-sized conjunctions and disjunctionsﬁ

Inductively, we assign to every Le-formula ¢ with free variables in {vg,...,vx_1} and all & =
ag,...,ap_1 € K* an Egrd,O(Q’ M)-formula in the following way:

(vi € vj)5 = (op(ai, dy) € E)
()& = (~¢3)
(pV); = (p5 V ¥3)
Fure)z = (V 055
B<K

Note that by |[HKL™, Lemma 5.2], if Q satisfies the definability lemma for “vg € v1” or
“vo = w17, then it satisfies the forcing theorem for all infinitary formulae in the forcing language
of Q. The following claim will allow us to define a first-order truth predicate over M.

Claim 2. For every Lc-formula ¢ with free variables among {vg,...,vx—1} and for all T =
T, ..., Tp—1 1 M, the following statements are equivalent:

(1) M = o(2). .

(2) V@ € k¥Vg <pp qlFp “Vi <k F(&;) =2;" — qlrg ¢5%.

(3) 3ad e kFIg<pp qlre “Vi <k F(&)=12;"AqlFg L.

Proof. Observe that since p lbp “E : & — M is bijective”, (2) always implies (3).

We start with the atomic formula “vg € v1”. Suppose first that x € y in M. Let o, 8 < k and
q <p p with ¢ IFp F(&) = Z A F(B) = §. Take a Q-generic filter with ¢ € G. Since ¢ <Q Pa,s
Pas € G. Moreover, (a, ) € E€, so (2) holds. Assume now that (3) holds, i.e. there are a, 8 <
and ¢ <p p such that q IFp F(a) = & A F(8) = § and ¢ IFg (vo € v1),.5- Let G be Q-generic
with ¢ € G. Then by assmption («, 3) € ES and so Do, € G. In particular, this means that
x = F%) € FS(8) = y. The proof for “vy = v,” is similar.

Next we turn to negations. Suppose first that M | —p(¥) and let @ € k¥ and ¢ <p p with
qFp Vi < k (F(&;) = &;). Assume, towards a contradiction, that ¢ Wq —¢%. Then there is 1 <g ¢
with 7 IFg ¢%. By density, we may assume that r € P. Then r <p p and so & and r witness (3)
for ¢. By our inductive hypothesis we obtain that M | ¢(&), a contradiction. The implication
from (3) to (1) is similar.

Suppose now that M = (¢ V) (Z). Without loss of generality, assume that M = ¢(Z). Now if
a € k¥ and ¢ <p p with ¢ IFp Vi < k (F(&;) = &;), by induction ¢ IFq ¢%. But then in particular
q kg (¢ V)%, In order to see that (3) implies (1), suppose that @ € k¥ and ¢ <p p witness (3).
Then there must be a strengthenig r € Q of ¢ which satisfies, without loss of generality, r IFg ©%.
By density of P in Q, we can assume that » € P. This means that & and r witness that (3) holds
for ¢, so M = ¢(Z).

We are left with the existential case. Assume first that M |= Juip(Z). Take y € M such that
M = o(Z,y) and let @ € k¥ and ¢ <p p with ¢ IFp Vi < k (F(d;) = #;). Let now G be Q-generic

8A detailed description of E‘(Srd,O(Q’ M) is given in [HKL™} Section 5].
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with ¢ € G. By an easy density argument there must be r <p p and 8 < & with r € G and
rlkp F(8) = g. By induction, r Ibg ¢% 5. In particular, M[G] |= (3ugp)s. The converse follows
in a similar way. O

Let Fml; denote the set of all Godel codes of Lc-formulae whose only free variable is vy. As a
consequence of Claim [2] the class

T={("ehz)|Te €eFmlh Az e M AVa<kVq<ppqlrp F(&) =3 — qlFg @)}
defines a first-order truth predicate for M, contradicting our assumptions on M. O

Corollary 2.7. Suppose that Ml = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M but no first-order truth predicate for M. Then a notion of class
forcing P for M is pretame if and only if it densely satisfies the forcing theorem. (|

Furthermore, the proof of Theorem yields the following.

Corollary 2.8. Suppose that M = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M but no first-order truth predicate for M. Then for any M-
cardinal K, there is a notion of class forcing P for Ml which satisfies the forcing theorem, such that
there is a k-sequence S of subclasses of P, for which Pg does not satisfy the forcing theorem. [

The definition of the forcing relation in the existential case uses that p IFp Jzp(x) if and only
if the class of all ¢ <p p such that there is a P-name o with ¢ IFp ¢(0) is dense below p. The
maximality principle states that (in set forcing) it is in fact not necessary to strengthen p in order
to obtain a witness for an existential formula. We observe that for notions of class forcing which
satisfy the forcing theorem, this principle is equivalent to the Ord-cc over models of GBC.

Definition 2.9. A notion of class forcing P for M which satisfies the forcing theorem is said
to satisfy the mazimality principle over M if whenever p Ikp Jzp(z, d, f) for some p € P, some
Le-formula @(vg, . .., vm, ) with class name parameters I' € (CF)" and & in (MF)™, then there
is 7 € M¥ such that p Fp (7,7, T).

Lemma 2.10. Assume that M is a model of GBC and let P be a notion of class forcing for M
which satisfies the forcing theorem. Then P satisfies the mazimality principle if and only if it
satisfies the Ord-cc over M.

Proof. Suppose first that P satisfies the maximality principle and let A € C be an antichain in
P. Since C contains a well-ordering of M, we can extend A to a maximal antichain A" € C. It is
enough to show that A’ € M. Clearly, 1p IFp 3z (z € A’ NG). Using the maximality principle, we
obtain o € M¥ such that 1p IFp o € A’ N G. But then since k(o) < k(o) for every P-generic
filter G, A’ CP N (Vo)M for a = k(o) and so A’ € M.

Conversely, assume that P satisfies the Ord-cc over M and let p Ibp Jzp(x, 7, f) Using the
global well-order in C we can find an antichain A € C which is maximal in {¢ <pp | Jo € MF q IFp
(o, 7, f)} € C. Note that sup A = p and that A € M by assumption. For every ¢ € A, choose
a name 7, € MF such that ¢ IFp ¢(7y, 3, f) Furthermore, for every y € dom(7,), let A% be a
maximal antichain in {r <p ¢ |3s (u,s) € 7y Ar <p s}. Now put

o={{u,7)|Jg€ A pedom(ry) Ar e Al}.
By construction, ¢ IFp o = 74 for every ¢ € A and so p IFp ¢(0). O

3. PRESERVATION OF AXIOMS

The theorem below is a version of a theorem of Sy Friedman [Fri00, Proposition 2.17 and
Lemma 2.19], that we adjusted to our generalized setting.

Theorem 3.1. Let M = (M, C) be a model of GB™ with a hierarchy witnessed by (Cy | a € Ord™).
Then the following statements hold for every notion of class forcing P for M.

(1) If P is pretame and G is P-generic over M then MIG] satisfies GB™ and has a hierarchy.
Moreover, if M satisfies global choice, then so does M[G].

(2) Suppose that M has a hierarchy and that for every p € P there is a P-generic filter G such
that p € G and Replacement holds in M|G]. Then P is pretame.
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Proof. For (1), suppose that P is pretame and that G is P-generic over M. It is easy to check
that M[G] satisfies all set axioms of GB™ except possibly for Separation, Collection and Union.
Moreover, Collection implies Separation, and the preservation of Separation can easily be seen to
imply the preservation of Union.

To see that M[G] satisfies Collection, assume that M[G] = Vo € ¢% 3y ¢(z,y,T'%), where
o€ MP, T € CP and ¢ is an Lc-formula with one class parameter. By the truth lemma there is
p € G such that p lFp Vo € 0 Jy p(z,y,T'). For each (m,r) € o, the class

Dypr={s€P|[s<pp,r AJuec M (slkp o(m, 11, T))] V sLlpr}

is dense below p in P. By pretameness there is ¢ € G which strengthens p and there are sets
drr C Dy, for each (m,7) € o such that each d., € M is predense below ¢. Using Collection in
M, there is a set € M such that for each (m,7) € ¢ and for each s € d, there is u € z such
that s Ikp o(m, u, I'). Now put

T={us)lpexnImr)yco(se€drr Nslkp p(m, p,T))}.

By construction, M[G] = Vo € 0% 3y € 7% p(2,y,T).
To see that M[G] satisfies first-order class comprehension, note that

I'={(o,p) | pIF ¢(0,To,...,Ty1)} €CF

is a class name for the class {z | ¢(x,T5,...,T'¢_;)}. Furthermore, we can define a hierarchy
(Do | @ € Ord™) in C[G] by

Dy ={xeM[G]|3do e M*NC, 0% =2} = {{0,1) | 0 € C,,}¢ € M[G]
for every a € Ord™. Finally, if < is a global well-order of M in C then
r<dy<=IoeMz=0"AVre M (y=7% =0 <7)]

defines a global well-order of M[G] in C[G].

Now we turn to (2). Assume, towards a contradiction, that (D; | ¢ € I) is a sequence of dense
classes and p is a condition in P which witness that pretameness fails. By assumption there is a
P-generic filter G containing p such that M[G] satisfies Replacement. Now consider the function

F:I— Ord™ F(i) = min{a € Ord™ | G N D; N C, # 0}.
Since M[G] satisfies Replacement, ran(F) € M[G]. Let v € Ord™ be such that ran(F) C v and
D={¢<pp|FielIVreD,NC,(qLpr)}.

By assumption, D is dense below p. Pick ¢ € GN D and let ¢ € I such that ¢ is incompatible with
all elements of D; N C,,. But then F (i) > v, a contradiction. O

Corollary 3.2. Suppose that Ml = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M, and let P be a notion of class forcing for M. Then the following
statements are equivalent:

(1) P is pretame.

(2) P preserves GB™.

(3) P preserves Collection.

(4) P preserves Replacement.

(5) P preserves Separation and satisfies the forcing theorem.

Proof. The implications from (2) to (3), from (3) to (4) and from (4) to (5) are trivial. That (1)
implies (2) and that (4) implies (1) follows from Theorem Finally, the implication from (5)
to (4) is shown in [HKS| Theorem 5.1]. Note that this is the only time that we are using the fact
that C contains a good well-order; for the other implications it suffices to require that M has a
hierarchy. O
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4. BOOLEAN COMPLETIONS

In this section, M = (M, C) will always denote a countable transitive model of GB™. As has
been shown in [HKLT|, the existence of Boolean completions is closely related to the forcing
theorem. Namely by |[HKL™, Theorem 5.5], if Ml has a hierarchy and P is a separative notion of
class forcing for M, then P has a Boolean M-completion iff it satisfies the forcing theorem for all
Lc-formulae. Thus the following is a consequence of Theorem

Theorem 4.1. Suppose that C contains a good well-order of M, but no first-order truth predicate
for M. Then a notion of class forcing P for M is pretame over M if and only if it densely has a
Boolean M -completion. (I

Lemma 4.2. If a notion of class forcing P has a Boolean C-completion B, then it is unique.
Moreover, if P has a unique Boolean M -completion B then B is a Boolean C-completion of P.

Proof. The proof of the first statement is exactly as for set forcing. Suppose now that B is the
unique Boolean M-completion of P and suppose for a contradiction that A C B is a class in C
which does not have a supremum in B. Let Q be the forcing notion obtained from P by adding
sup A. Then since P satisfies the forcing theorem, by Lemma [I.9] so does Q and hence Q has a
Boolean M-completion B’. But by our assumption, B and B’ are isomorphic and hence sup A
exists in B, a contradiction. [l

Definition 4.3. Suppose that P is a notion of class forcing for M = (M,C) = GB™. If A,BCP
with A, B € C, we say that supp A = supp B if

(1) A is predense below every b € B and
(2) B is predense below every a € A.

Note that this definition is possible even if the suprema do not exist in P. On the other hand, if
sup A = sup B and A has a supremum in [P then so does B and indeed they coincide.

The following observation is a slight strengthening of a lemma which is essentially due to Joel
Hamkins and appears within the proof of [HKL™, Theorem 9.4]. The below proof is very similar to
the one appearing in [HKL™, Theorem 9.4], however we also improved our original presentation.

Lemma 4.4. Suppose that C contains a good well-order of M. If P does not satisfy the Ord-cc,
then there is an antichain A € C such that for every B € M with B C P, supB # supA. In
particular, A does not have a supremum in P.

Proof. Let A € C be a class-sized antichain in P. We claim that there is a subclass of A in C which
fulfills the desired properties. Suppose for a contradiction that no such subclass exists. Using the
good well-order of M, we can assume that the domain of P is Ord™. Let m: Ord™ — A be a
bijection in C. Furthermore, there is an injection ¢ : P(OrdM) N M — Ord™ in C. This gives us
a mapping i : P(Ord™) N C — Ord™ in V which maps X C Ord™ to (B), where B is the least
(with respect to our given global well-order) set B C P in M such that supp 7"’ X = supp B. Since
A is an antichain, 7 is injective. Moreover, whether i(X) = « is definable over M so

C = {acOord"|n(a) £p a Ni(Xs) = a}
is in C for X, = {8 € Ord™ | 7(B) <p a}.

Claim 1. For each o € Ord™ we have o € C if and only if there is X € ’P(OrdM) NC such that
i(X)=aand a ¢ X.

Proof. Suppose first that « € C. Then o ¢ X, and so we can choose X = X,. Conversely,
suppose that X € P(Ord™) N is such that i(X) = a and o ¢ X. Then X = X,,, because 7"/ X
and 7" X, are both subsets of the antichain A and have the same supremum. Hence o € C. O

We will use Claim [If to derive a contradiction similar to Russell’s paradox. Consider 8 = i(C).
If § € C then by Claim [I] there is X such that i(X) = S but 8 ¢ X. By injectivity of ¢, this
means that X = C, a contradiction. On the other hand, it is also impossible that 5 ¢ C, since
otherwise X = C would witness that g € C. O
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The following theorem characterizes the Ord-cc in terms of the existence of Boolean completions.
Note that the equivalence of (1) and (2) is exactly the statement of [HKL™, Theorem 9.4]. For
the benefit of the reader, we nevertheless give a full proof.

Theorem 4.5. Suppose that M = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M. Then the following statements are equivalent for every separative
partial order P:

(1) P satisfies the Ord-cc.
(2) P has a unique Boolean M -completion.
(3) P has a Boolean C-completion.

Proof. Suppose first that P satisfies the Ord-cc. Then P is pretame and hence it has a Boolean
M-completion B by Theorem Assume that B’ is another Boolean M-completion. Without loss
of generality, we may assume that the domain of P is a subset of the domains of B and B’. Then
we can define an isomorphism between B and B’ by mapping b € B to supp, A, where A € M is a
maximal antichain in {p € P | p <p b}. The equivalence of (2) and (3) is a direct consequence of
Lemma To see that (3) implies (1), suppose that B is a Boolean C-completion of P. Assume,
towards a contradiction, that P does not satisfy the Ord-cc. Then neither does B. But then by
Lemma [4.4] B cannot be C-complete. (]

5. THE EXTENSION MAXIMALITY PRINCIPLE

This section is motivated by the following easy observation which is mentioned in [HKL™|
Corollary 2.3]. The collapse forcing Col, (w, Ord)™, which consists of functions n — Ord™ for
n € w, is dense in Col(w, Ord)™. However, unlike Col(w, Ord)™ which collapses all M-cardinals,
the subforcing Col,(w, Ord)M does not add any new sets, so Col(w,Ord)™ and Col,(w, Ord)™
do not have the same generic extensions. We will show that, under sufficient conditions on the
ground model M| the property of P of having the same generic extensions as all forcing notions into
which P densely embeds is in fact equivalent to the pretameness of P. Throughout this section,
let M = (M, C) be countable transitive model of GB™.

Definition 5.1. A notion of class forcing P for M satisfies the

(1) extension maximality principle (EMP) over M if whenever Q is a notion of class forcing
for M and 7: P — Q is a dense embedding in C then for every Q-generic filter G over M,
M[|G] = M[=~Y(G) N P].

(2) strong extension mazimality principle (SEMP) over M if whenever Q is a notion of class
forcing for M, 7: P — Q is a dense embedding in C and o € M@, then there is 7 € MT with
]1@ ”—Q O’ZTF(T).

Theorem 5.2. Let M = (M, C) be a model of GB™ such that C contains a good well-order of M.
Then a notion of class forcing P for M is pretame if and only if it satisfies the forcing theorem
and the EMP.

Proof. Suppose first that P is pretame. By Theorem P satisfies the forcing theorem. Let Q
be a notion of class forcing such that P embeds densely into Q and let G be Q-generic over M.
Without loss of generality, we may assume that P is a dense suborder of Q. Fix a Q-name 0. We
claim that 0% € M[G NP]. For every q € tc(o) NQ, let D, = {p € P | p <g qV pLlgg}. Then
D, is a dense subclass of P. By pretameness, there is p € G NP and there are d; € D, which are
predense below p in P. Now we define inductively, for every name 7 in tc({c}) N M,

= {(f.r) | 3s[(u,s) € T AT € dy AT <g 5]}

But then & € M? and 0 = 5%"F ¢ M[GNP].

Conversely, assume that P is not pretame but satisfies the forcing theorem. Then there is a P-
generic filter G such that Replacement fails in the generic extension M[G], and by [HKS, Theorem
5.1] so does Separation (note that this is where we use the assumption about the good well-order).
By [HKS| Lemma 3.3] there are I' € CF, 0 € M¥ and p € G such that p Ip I' C o and there are
no g € G and 7 € M¥ such that ¢ IFp I' = 7. For u € dom(o) consider

A,={qeP|qglrppel}.
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Let Q be the forcing obtained from P by adding sup A, for each p € dom(c) such that A, is
nonempty below p, as described in Section [I Without loss of generality, we may assume that P
is a subset of Q and then P is actually a dense subset of Q. Consider the Q-name

7= {{u,sup A,,) | € dom(c), A,, is nonempty below p} € M2,

Let H be the Q-generic induced by G, that is the upwards closure of G in Q. Then 7 is a Q-name
for T'%, so 7 =T¢ € M[H] \ M|G], proving the failure of the EMP. a

Note that in the proof of Theorem [5.2] we have only used the good well-order of M to show that
every forcing notion which satisfies the forcing theorem and the EMP is pretame; for the other
direction it suffices to assume that M has a hierarchy.

Example 5.3. Jensen coding P (see [BJWS82]) is a pretame notion of class forcing which over
a model M of ZFC adds a generic real x such that the P-generic extension is of the form L[x].
Moreover, there is a class name I for z such that 1p I-p M[G] = L[T], but there is no set name o
such that 1p IFp 0 =T'. Let Q be the forcing notion obtained from Jensen coding by adding the
suprema p, = sup{p € P | plkp 7 € T'}. Since P is pretame and dense in Q, it follows that Q is
also pretame. By Theorem P satisfies the EMP and hence P and QQ produce the same generic
extensions. In particular, this means that if G is Q-generic then M[GNP] = M[G] = L[0“], where
o= {(it,pn) | n € w} € MY

Lemma 5.4. Suppose that Ml = (M,C) is a model of GB™ and that C contains a good well-order
of M. Then a notion of class forcing P for M satisfies the SEMP if and only if it satisfies the
Ord-cc over M.

Proof. Suppose first that P satisfies the Ord-cc. Suppose that there is a dense embedding from P
into some forcing notion Q. Without loss of generality, we may assume that P is a suborder of Q.
We prove by induction on rank(c) that for every o € MY there is ¢ € M* with 1g kg 0 = 4.
Assume that this holds for all 7 of rank less than rank(c). Then for every 7 € dom(o) there
is 7 € M¥ with 1g kg 7 = 7. For each condition ¢ € range(o), let D, = {p € P | p <g q}
and choose an antichain A, which is maximal in D,. By assumption, we may do this so that
({(q, Ay) | ¢ € range(o)) € M. Then put

d={(7,p) |34 €Q[(r,q) eoc Ap € A} € M".

By construction, 1g IFg 0 = &.

Conversely, suppose that P does not satisfy the Ord-cc. Then by Lemma there is an
antichain A € C such that for no B € M with B C P, supp A = supp B. Let Q = P U {sup A} be
the extension of P given by adding the supremum of A. Now consider o = {(0,sup A)} € M<. We
claim that o witnesses the failure of the SEMP. Suppose for a contradiction that there is 7 € MT
such that 1g IFg o = 7. Let 7 = {(u;, p;) | i € I} for some I € M. But then it is easy to check
that supp{p; | i € I'} = supp A, contradicting our assumption on A. O

6. NICE NAMES

This section is motivated by the observation in Lemma below, namely that - unlike in the
context of set forcing - there are sets of ordinals in class-generic extensions which do not have a
nice name. We will characterize both pretameness and the Ord-cc in terms of the existence of nice
names for sets of ordinals. We assume that M = (M, C) |= GB™ throughout this section, however
for the characterization of pretameness, we will in fact need to work over a model of KM.

Definition 6.1. Let P be a notion of class forcing. A name o € MF for a set of ordinals is a nice
name if it is of the form (J,_ {a} x A, for some v € Ord™ | where each A, € M is a set-sized
antichain of conditions in P.

Lemma 6.2. Let M be a model of GB™ and let P denote Col(w,Ord)M. Then in every P-generic
extension there is a subset of w which does not have a nice P-name.

Proof. Consider the canonical name o = {(n,{(n,0)}) | n € w} for the set of natural numbers
which are mapped to 0 by the generic function from w to the ordinals. Let G be P-generic over
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M. We show that the complement of ¢ is an element of M[G], but does not have a nice P-name
in M. Suppose for a contradiction that there are p € G and a nice P-name

= J{n} x A, € M,

necw

where each A,, € M is an antichain, such that p IFp &\ o = 7. Let n € w\ dom(p) and choose
a > sup{r(i) |r € A, Ai € dom(r)}. Then g =pU {(n,a)} strengthens p and ¢q I-p 7 € 7. Hence
there must be some r € A,, which is compatible with g. But then n ¢ dom(r), so p and rU{(n,0)}
are compatible. Let s <p p,r U {(n,0)} witness this. Then slFp 72 € 0 N7, a contradiction.

That the complement of 0 has a P-name in M and is thus an element of M|[G] follows from
[HKS| Lemma 8.7]. For the benefit of the reader, we will provide an even shorter proof for the
present special case. For each n € w, consider the P-name

Tn = U{(m, {(3,0) | n <i<m})|m>n}.

Then each 7, is a name for the least k > n such that k ¢ 0%. Now put 7 = {(r,, 1p) | n € w}.
Since by an easy density argument the complement of ¢¢ is unbounded in w, 7 is as desired. O

Definition 6.3. A notion of class forcing P for M is said to be

(1) nice if for every v € Ord™, for every o € MP and for every P-generic filter G such that
0@ C ~ there is a nice name 7 € MF such that 0@ = 7€,
(2) very nice if for every v € Ord™ and for every o € M¥ such that 1p IFp o C 4 there is a nice

name 7 € M¥ such that 1p IFp o = 7.

Example 6.4. (1) By Lemma Col(w, Ord)M is not nice.
(2) Suppose that C contains a good well-order of M. Then every pretame notion of class forcing
PP for M is nice. To see this, let v € Ord™ be an ordinal and let p € P and o € M? be such
that plFp o C ﬁﬂ For each a < 7, consider the class

D,={q<pplqltpacoVvqltpad¢oc}el,

which is dense below p. By pretameness there exist ¢ <p p and for every a < v aset d,, C D,
in M which is predense below q. For every a < =, choose an antichain a, C d, which is
maximal in d,, and let A, = {r € a, | r IFp & € o}. Then

= J{a} x 4, € M¥

a<ly

is a nice name for a subset of v and ¢ lFp o = 7.

(3) If C contains a good well-order of M, then every notion of class forcing P for M which satisfies
the Ord-cc is very nice: Suppose that 1p IFp 0 C 4. For every o < +y, we can choose an
antichain A, which is maximalin {¢ € P | I(u,p) € 0 [¢ <p pAqIFp 1 = &]}. Since P satisfies
the Ord-cc, making use of the global well-order we can do this so that ((a, Aa) | a < y) € M.
Then

T = U{d}XAaEM]P
a<ly
is a nice name and it is easy to check that 1p IFp o = 7.

(4) Every M-complete Boolean algebra B is very nice, since we can always define Boolean values
[¢]e for quantifier-free infinitary formulae ¢ which mention only set names (see [HKL™.
Theorem 5.5]). More precisely, if o € M® such that 1p IFg o C ¥ for some ordinal v, the
name

r={(a,[acolp) | a<y} e MP
is a nice name so that 1p kg ¢ = 7. In particular, this shows that there are very nice
notions of class forcing which are not pretame (for example the Boolean M-completion of

Col(w, Ord)M), since every notion of class forcing for M which satisfies the forcing theorem
has a Boolean M-completion by [HKL™, Theorem 5.5].

9Note that using the good wellorder of M, it follows by Theorem that P satisfies the forcing theorem.
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Lemma suggests that one might try to use the class name F for the generic cofinal function
F: k — Ord™ added by a non-pretame notion of class forcing P (by Lemma to construct
a forcing notion Q into which P densely embeds and such that there is a Q-name 7 for a subset
of k which has no nice Q-name (the idea would be to obtain Q by adding the Boolean values of
“F(a) =0 for a < , which allow for the construction of a name 7 for {a < s | F(a) # 0}; in
the case of Col(w, Ord), these Boolean values already exist). This approach would indeed work if
Kk = w, as we can construct such 7 by [HKS, Lemma 8.7]. Since we however do not know whether
names for the complements of (nice) names for subsets of arbitrary ordinals always exist (for more
on this topic, consult [HKS, Section 8]), we will instead work with a name for an intersection of
two nice names in the following, making use of [HKS| Lemma 8.5].

Theorem 6.5. Let M = (M,C) be a countable transitive model of KM. Then a notion of class
forcing P for Ml is pretame if and only if it is densely nice.

Proof. Suppose first that P is pretame. It is straightforward to check that whenever there is a
dense embedding 7: P — Q in C for some notion of class forcing Q for M, then Q is also pretame.
Then by Example (2), every such Q is nice.

Conversely, suppose that IP is not pretame. Since P satisfies the forcing theorem over M (because
every notion of class forcing does so over a model of KM — see either [Ant15, Lemma 15] or [HKL™)
Corollary 5.8]), we may, without loss of generality, assume that P = (P, <p) is an M-complete
Boolean algebra, and we may also assume that P = Ord™. We will extend P to a notion of class
forcing Q for M which is not nice and so that P is a dense subforcing of Q. By Lemma there
are a class name ' € CF, k € Ord and p € P such that p IFp “F : & — Ord is cofinal”. For the
sake of simplicity, suppose that p = 1p.

For every o, < k and p € P, let

Xpap = {(7.0) € Ord™ x Ord™ | 3 <p p[qIFp F(a) =5 A F () = 4]},

and let '
Ypo={y€0rd” | 3¢ <p plgIFe F(a) = 7]}

Claim 1. For each p € P there is o < K such that for all 8 < K, X}, o 3 is a proper class.

Proof. Suppose the contrary. Then for every o < & there exists 8, < & such that X, o g, is
set-sized. In particular, this implies that for every a < &, {7y € Ord™ | 3¢ <pplglkp F(&) = 73]}
is set-sized. But then p forces that the range of F' is bounded in the ordinals, a contradiction. [

Let C = (C; | i € Ord™) € C be an enumeration of subclasses of Ord™ x Ord™ such that
each Cj is of the form X, , g for some p € P and o, 8 < k such that X, o g is a proper class, and
moreover each X, o 3 which is a proper class appears unboundedly often in the enumeration C.

We will next perform a recursive construction to build two classes D, F € C, in a way that in
particular each of DN E, D\ E and E \ D has a proper class sized intersection with Y, o = {7 |
(7,7) € Xp,a,a; Whenever Y, , is a proper class. The construction of the classes D, E will satisfy
further properties which will be used in the proof of Claim [2] below.

Let Dy = D{, = Ey = Ej = ). Suppose that D;, D}, E;, E! have already been defined such that
D,ND;=E,NE=D,NE,=0and D, UD;,=E;UE]. We define F; = D; UD, = E;UE!. Let
(70, 00), {71, 01), (72, 62) be the lexicographically least pairs of ordinals in C; such that each pair
(vk, 0) contains at least one ordinal not in F; U{~v; | j < k}U{d; | 7 < k}, and =, dp additionally
satisfy (if possible)

(1) Yo ¢ Fi Ao ¢ Dj;
and 71,07 satisfy in addition (if such exist)
(2) M ¢ FiU{y,d0} A 01 ¢ E.

In the successor step, we will enlarge D;, D}, E; and Ej to Diy1, D, Ej11 and Ej | by putting
distinct ordinals, which are not in Fj, into the sets D; 11 N E; 1, Dip1 N E; | and Dj , N Eiyy.
First, we put each ordinal in {~o,do} which is not in F; into D; 1 NE}, ;. Next, we put all ordinals
amongst {v1,d1} that are not in F; U {0,d0} into D; ; N E;y;. Finally, we put every ordinal in
{72,02} which is not yet in F; U {70,71,00,01} into D;11 N F;11. Note that by construction,
Dip1 N Djyy = EBia NEjy = Dy NEjy =0 and Dy UD;, = B UE.
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At limit stages, we take unions, e.g. if j is a limit ordinal, we let D; = UKJ. D;. Finally, let
D = UieOrdM D;eCandlet E = UieOrdM E; eC.

Note that at each stage i such that C; = X, 4.« for some p € P and a € Ord™, each of the
classes DNE, D\ E and E\ D obtains a new element from Y, ,. Since there are class many such
stages, each of DN E, D\ E and E \ D has a proper class sized intersection with Y}, , whenever
Y, is a proper class.

Let a={a<k|IpeP[pltp F(@d) € D]} andlet b= {a < x| Ip € P[plrp F(a) € E]}. We
extend P to a forcing notion Q by adding suprema for each of the classes

Ro={peP|plp F(a) € D} and
Ss={peP|plkp F(5) € E}

for a € a and B € b, as described in Section [} Let p, = supg Rs and let gg = supg Sp for a € a
resp. S € b. Since M is a model of KM, Q satisfies the forcing theorem.

We will show that Q is not nice. Let G denote the canonical class name for the Q-generic filter.
Consider the Q-names

o ={(&pa) |a €a} and 7 ={(&,¢a) | @ € b}

for {a < k| F9(a) € D} and {a < s | FS(a) € E} respectively. It follows from [HKS, Lemma
8.4] that for every Q-generic filter G' there is a Q-name yu such that u“ = %N 7¢. We claim that
MO contains no nice name for % N 7¢. Suppose for a contradiction that there are p € Q and a
nice name v € M@ such that p IFg v = o N 7. By density of P in Q, we may assume that p € P.
Since v is a nice name, it is of the form

v=|J{a} x A,
a<k
where each A, C Q is a set-sized antichain in M.
Let @ < k be as in Claim We may assume that A, only contains conditions which are
compatible with p.

Claim 2. For every q € Aq,
Z,={yeord" |Ir e P[r <g p,q and r IFp F(a) = 5]}
s a set in M.

Proof. We first consider ¢ € A, NP. By assumption p and ¢ are compatible, and since P is a
Boolean algebra, Z, = Ypq,o. Assume for a contradiction that Y,aq,« is a proper class. Then by
our construction, Y,aq,e \ D is a proper class as well. Take v € Yypqa \ D and r <p p A ¢ with
rlkp F(&) = 5. Let G be Q-generic with r € G. Then p,q € G and so « € v% = 6% N7, On the
other hand, since F'%(a) = v ¢ D, we have p, ¢ G and hence o ¢ ¢. This is a contradiction.

Next, suppose that ¢ = p, and assume for a contradiction that Z,, is a proper class. Then
Y, « is a proper class, so Y, o N (D \ E) is also a proper class. Now let » <p p and v € D\ E be
such that r IFp F(d) = 4. Then r <g p, by the definition of p,. If G is Q-generic with r € G,
then o € . Since v ¢ E, we have a ¢ 7¢. This is a contradiction.

Next, suppose that ¢ = pg € A, for some § # «. If there is some (v,d) € X, o g such that
§ € D but v ¢ DN E, then take 7 <p p such that 7 IFp F(&) = A F() = é and a Q-generic filter
containig 7. Since § € D we have pg € G and so a € v“. On the other hand, FG(a) =v¢ DNE,
so a ¢ 0¥ N 7Y So there can be no such (v,0) € X, 5. Hence for all (v,0) € X, 4,5, if 6 € D
then v € D N E. Suppose for a contradiction that Z,, is a proper class. Consider now the first
stage i such that X, , s = C;. Since Y, , is a proper class, there is (7y,d) € X, o s such that
v ¢ F;. If there is such a pair which additionally satisfies that § ¢ D}, then we are in case (1)
in the recursive construction of D and F and so this would imply that v ends up in D \ E and
d € D. But we have already shown that this is impossible. So for every pair (v,d) € X, o g with
v ¢ F; we have 6 € D;. In particular, if § € D then v € F;. But this implies that Z,, C Fj is not
a proper class, which is a contradiction.

The case ¢ = ¢, is analogous to the case ¢ = p,. Finally, suppose that ¢ = gz for some
B # «. As in the previous case ¢ = pg, we can conclude that for all (y,d) € X, o 3, if § € E then
v € DN E. As above, we assume that Z,, is not in M and we let i be the least ordinal such
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that C; = X, o 8. After choosing 7y, dp in the recursive construction of D and E, there is still a
pair (y1,d1) such that 1 ¢ F; = F; U {70,d0}, since Y, , is a proper class. If possible, this pair
is chosen such that d; ¢ E!. But then 7, is put into '\ D and d; ends up in E. However, we
have already argued that this cannot occur. But then for every such pair (v1,01) € X, o8 With
v ¢ Fj, we have §; € Ej, and so Z,, is contained in the set F;r, which is a contradiction. O

By Claim 2] and since A, € M, we have that

B=|]J Z,eM.
q€AL
Since Y, o is a proper class, so is Y, o N.D N E by our construction, and hence there must be some
v € (YpaNDNE)\ B. Let now ¢ <p p such that ¢ IFp F(d) = 4 and take a Q-generic filter G
with ¢ € G. Then FS(a) =~y € DNE, so a € 0% N 7. Therefore there is some r € A, N G.

Take s € G with s <g ¢,r. Then slkg ¥ = F(d) € B, contradicting the choice of ~. O

Theorem 6.6. Suppose that M = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M. A notion of class forcing P for Ml which satisfies the forcing
theorem satisfies the Ord-cc if and only if it is densely very nice.

Proof. Suppose first that P satisfies the Ord-cc and P embeds densely into Q. It is easy to see
that then Q also satisfies the Ord-cc and so by Example (3) it is very nice.

Conversely, suppose that P contains a class-sized antichain. We would like to extend P via a
dense embedding to a partial order which is not very nice. Since P satisfies the forcing theorem,
P has a Boolean M-completion. As we are only interested in a dense property, we may therefore
assume that P is already an M-complete Boolean algebra.

By the proof of Lemma we can find three disjoint subclasses of our given class-sized an-
tichain, each of which contains a subclass which does not have a supremum in P. Denote these
subclasses without suprema by A, D and E, and let B=AUD and C = AUE.

Claim 1. At least one of sup B and sup C does not exist in P.

Proof. We show that if both sup B and sup C' exist, then so does sup A, contradicting our choice
of A. Since P is an M-complete Boolean algebra, if sup B and sup C exist, then so does p =
sup B Asup C. We claim that p is already the supremum of A. It is clear that every element of A
is below p. It remains to check that A is predense below p. Let ¢ <p p. Since B is predense below
q, there are r <p q and b € B with r <p b. Since C is predense below r, there are s <p r and
¢ € C with s <p c. In particular, b and ¢ are compatible. But they both belong to the antichain
BuC,sob=ce BNC = A. O

Let Q be the forcing notion obtained from P by adding sup B and supC. By Lemma [1.9] Q
satisfies the forcing theorem. Moreover, it follows from the separativity of P that Q is separative.
We show that Q is not very nice. Consider the Q-name

o = {({(0,sup B)},sup C)}.
By definition, 1g IFg o C 2.
Claim 2. There is no nice Q-name 7 such that 1g lFg o = 7.

Proof. Suppose for a contradiction that 7 = {0} x AgU{1} x Ay, where Ay, A; € M are antichains
of Q, and 1g IFg o = 7. Observe that A; C P, since if for example sup B € A; and G is Q-generic
with sup B € G and supC ¢ G, then 1 € 7¢\ ¢“. The same works for sup C. Therefore sup A;
exists in P. We claim that sup A; is the supremum of A.

Firstly, we show that every element of A is below sup A;. Suppose for a contradiction that
there is a € A with a £g sup A;. Then by separativity of Q there is p <p a with p_Lpsup A;.
In particular, p is incompatible with every element of A;. Hence if G is a Q-generic filter with
p € G then 1 € 0%\ 79, contradicting our assumptions on ¢ and 7. Secondly, we check that A is
predense below sup A;. Assume, towards a contradiction, that there is p <p sup A; with pLpa for
each a € A. Now A; is predense below p, so there exist ¢ <p p and r € A; with ¢ <p r. Again,
this yields that for any Q-generic filter G with ¢ € G, 1 € 7¢ but AN G = 0, so it is impossible
that sup B and sup C are both in G. Hence 1 ¢ 0¥, contradicting our assumptions on ¢ and 7.

We have thus shown that sup A exists in P, contradicting our choice of A. O
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This proves that Q is not very nice. ([l

The proof of Theorem actually shows that every notion of forcing PP which satisfies the
forcing theorem but not the Ord-cc, can be densely embedded into a notion of class forcing which
satisfies the forcing theorem and is nice but not very nice. To see this, it remains to check that
the partial order QQ constructed above is nice. This follows from the following more general result:

Lemma 6.7. Suppose that P is a notion of class forcing which satisfies the forcing theorem. If P
is nice and Q is obtained from P by adding the supremum of some subclass A € C of P, then Q is
also nice.

Proof. Let 0 € M@ and p l-g o C ¥ for some p € Q and « € Ord™. Let ot denote the P-name
obtained from o by replacing every ocurrence of sup A in tc(o) by 1p, and let o~ be defined
recursively by o~ = {(t7,p) € 0 | p # sup A}. Let g <g p. Without loss of generality, we can
assume that ¢ € P. If ¢ is incompatible with every element of A, then ¢ IFg 0 = ¢~. But then

there are  <p ¢ and a nice P-name 7 such that r I-p 0~ = 7 and so r IFg o = 7. If there is some
a € A such that ¢ is compatible with a, let r <p ¢,a. Then r kg ¢ = o and so as in the previous
case we can strengthen r to some s which witnesses that o' has a nice P-name. O

Corollary 6.8. Suppose that Ml = (M,C) is a countable transitive model of GB™ such that C
contains a good well-order of M. Every notion of class forcing which satisfies the forcing theorem
but not the Ord-cc is dense in a notion of class forcing which is nice but not very nice. O

7. OPEN QQUESTIONS

Theorems|[2.1]and [3.I]show that under the assumption that the ground model M has a hierarchy,
pretameness implies the forcing theorem and is equivalent to the preservation of GB™. It is
therefore natural to ask whether this can already be shown in GB™.

Question 7.1. Is the assumption that M has a hierarchy necessary for Theorem (2.1} i.e. is there
a model M of GB™ and a notion of class forcing for Ml which is pretame but does not satisfy the
forcing theorem? Can pretameness be characterized by the preservation of GB™ in models without
a hierarchy?

Likewise, we ask the same question for the Ord-cc.

Question 7.2. Is there a model M = (M, C) of GB™ and a notion of class forcing P which satisfies
the Ord-cc but not the forcing theorem?

In Section [5| we proved that in case there is a good well-order of the ground model, pretameness
is equivalent to the EMP for partial orders which satisfy the forcing theorem. It is not known
whether this can be generalized.

Question 7.3. Assume P is a notion of forcing for Ml which does not satisfy the forcing theorem.
Does this imply that the EMP fails for P? Can pretameness be characterized by the EMP in the
absence of a good well-order?

In order to prove Theorem we work in KM, since we need that the forcing theorem is
preserved when adding infinitely many suprema to a given notion of class forcing that satisfies the
forcing theorem. Thus the following question arises.

Question 7.4. Can pretameness be characterized in terms of the existence of nice names for sets
of ordinals in a theory that is substantially weaker than KM ?

Every proof of the failure of the forcing theorem known to the authors (see [HKL™) Section 7]
and Theorem of the present paper) uses the nonexistence of a first-order truth predicate in
the ground model. This motivates the following question.

Question 7.5. Assume M = (M,C) = GB™ and N = (M,C U {T'}) where T is an M-truth
predicate. Does every notion of class forcing for M satisfy the forcing theorem over N?
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